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1. INTRODUCTION 
A smooth, closed, simply-connected four-manifold X is called irreducible if b2(X) > 0 and 
X cannot be decomposed as X = X1 # X2, with &(X1) > 0, b,(X,) > 0, where # denotes 
the connected sum, and bz is the second betti number. A long-standing conjecture asserted 
that every irreducible four-manifold is diffeomorphic to a complex surface. This conjecture 
was disproved recently by Gompf and Mrowka using logarithmic transformations and 
twisted fiber sum of certain elliptic surfaces. They proved the existence of infinitely many 
simply-connected irreducible four-manifolds, each homeomorphic to either the K3 surface 
or 3@P2 # 19CIFp2, but none of them admit complex structures with either orientation 
(see [14]). Their construction was later generalized by Fintushel and Stern (see [ll]). 
In [ 133 Gompf constructed some new examples of symplectic manifolds and proposed 
the following “folk conjecture”. 
CONJECTURE 1.1. (1) Any closed, simply-connected symplectic four-manifold with b: 2 3 
has nonvanishing Donaldson-invariants. 
(2) Any closed, minimal simply-connected symplectic four-manifold is irreducible. 
In the first part of this paper we investigate two examples of Gompf: Q and R. (In the 
notation of [13, Ch. 63 Q = R2, 1 and R = R2,2). The homeomorphism type of Q and R is 
given in [13]: Q is homeomorphic to 3@P2 # 16@[lp2 and R is homeomorphic to 
3@llp2 # 14@P2. We compute certain SO(3) Donaldson-invariants of Q and R and prove 
THEOREM 1.2. Both Q and R has some nonvanishing SO(3) Donaldson-invariants. 
Since by [3] all the Donaldson-invariants of 3@P2 # nCP2 vanish, Theorem 1.2 implies 
that Q is homeomorphic but not diffeomorphic to 3CIFp’ # 16CP2. Similarly, R is homeo- 
morphic but not diffeomorphic to 3CPz # 14CP’. Computing more Donaldson-invariant 
of Q and R allows us to prove a stronger statement and give some new evidence to Conjec- 
ture 1.1. 
THEOREM 1.3. R is irreducible. 
Beginning with Q and R and using logarithmic transformations of odd multiplicity we 
construct two families of simply-connected, closed four-manifolds QZn+r and R2”+i (n is 
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a positive integer), that have the same homeomorphism type as Q and R respectively, and 
prove: 
THEOREM 1.4. (1) Qzi+ 1 is difiomorphic to Qlj+ 1 if and only if i = j. 
(2) Rzi + 1 is difiomorphic to Rzj+ 1 if and only if i = j. 
(3) Rzi+ 1 is irreducible for every i. 
It is not known whether any of these examples admits complex structure. But it is well- 
known that within the homotopy type of Q or R only finitely many smooth structures can 
be realized as a complex surface, see [13]. It then follows from Theorem 1.4 that: 
COROLLARY 1.5. (1) Qzi+ 1 does not admit complex structure, for all tiut finitely many i. 
(2) Rzi+l is irreducible and does not admit complex structure, for all but Jinitely many i. 
The corresponding R2i + 1 manifolds in Corollary 1.5 have Euler characteristics 19 and 
are the smallest known noncomplex irreducible simply-connected four-manifolds o far, in 
the sense that the other known examples in [l l] or [14] have larger Euler characteristics. 
Remark 1.6. In this paper we establish a product formula along Y, where Y is an 
P-bundle over the genus 2 surface, with cl = 1. Since the character variety of Y is 
six-dimensional, one would expect noncompactness problems (energy accumulating on the 
tube, for example). Luckily, we can avoid these problems due to special properties of the 
four-manifolds studied in this paper. More general product formulas along Y will be 
described in [22]. 
This article is organized in the following way. In Chapter 2 we recall the definition of 
Q and R from [13] and give an appropriate decomposition of Q and R along Y. After 
collecting the necessary gauge-theoretical data of Y we establish a Floer-type product 
formula in Chapter 3. The computation of the terms in this formula and the proof of 
Theorem 1.2 are given in Chapter 4. In the last chapter we construct he two families Qzi+ 1, 
Rzi+ 1 and prove Theorems 1.3 and 1.4. 
2. THE GEOMETRY OF Q AND R 
Let us recall from [13] the construction of Q and R. T4 denotes the four-torus and Ti,j 
(1 I i, j I 4, i # j) denote the homology classes of the corresponding embedded two-tori in 
T4. The torus which represents T1,2 and the torus which represents T3,4 intersect each 
other in one point. After resolving the intersection we get a submanifold of square 2 in T4 
representing the homology class T1, 2 + T,., . Blowing up three times to reduce the 
self-intersection, we get an embedded genus 2 surface L1 inside T4 # 3CP2, with 
(L1)2 = - 1. (Here (L1)2 denotes the self intersection of L,.) The genus 2 surface is also 
embedded to V, = @P2 # 9@P2 in the the following way. V, has an elliptic fibration over 
UP” (see [12]). The regular fibers are elliptic curves, i.e., two-tori. Let H denote the 
generator of H2(CP2,Z) and let eI(i = 1,2 , . . . ,9) denote the exceptional homology class 
corresponding to the ith copy of CP 2. Then H2 ( VI, Z) is generated by H, e, e2, . . . , eg and 
the homology class of a regular fiber F is equal to 3H - e1 - e2 - ... - eg. Let us fix two 
regular fibers and an embedded two-sphere which represents e, and intersects every fiber in 
one point. Resolving the two intersections we get an embedded genus 2 surface with 
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square = (2F + e9)’ = 4 - 1 = 3. Blowing up Vi twice we get an embedded genus 2 surface 
L 25 with (L2)2 = 1. Let nd(L1) and nd(L2) denote tubular neighborhoods of 
L, c T4 # 3@P2 and L2 c Vi # 2CP2. Then Y = a(nd(L,)) fibers over the genus 2 surface 
and the first Chern class of this fibration is equal to 1. Clearly 8(nd(L,)) = - Y. Let us fix 
a 9 orientation reversing bundle-automorphism between nd(L1) and nd(L2). We take 
T4 # 3@P2\nd(L,) and Vi # 2@p2\nd(L2) and use the restriction of 4 to glue them 
together. The resulting manifold is Q. 
Similar construction gives R. For that we need a special T2 bundle over the genus 2 
surface. The first step is to construct the Thurston-manifold, which fibers over T2 with T2 
fiber. A fibration like that is defined by the monodromy. Let (g1,g2) denote a basis of 
xl(Fiber) and (g3,g4) denote a basis of n,(Base) . Then we require the monodromy of the 
fibration to be trivial around g3, and the monodromy around g4 to take (gi ,g2) into 
(g1g2,g2). The resulting manifold 2 is called the Thurston-manifold. The fibration of 
Z admits a section of square 0. Let us take two copies Z and Z’ and fix fibers F c Zi and 
F’ c Z2. We fix also an f diffeomorphism between F and F’ which takes (gi ,g2) into 
( - .y2, gi). The induced fiber sum along the fiber gives W = Z #r Z’. W fibers over the 
genus 2 surface and the fibration admits a section of square 0. This section is given by gluing 
together appropriate sections: S c Z, S’ c Z’. Let (gl,g2) be a basis of x1(F), (g3,g4) be 
a basis of xi(S) and (g5, g6) be a basis of rci(S’). 
LEMMA2.1. “h(W) =(91,92,g3,94rg5,96 t [gl,gzl =[S1,931 =bz,gs] =[gz,d =o, 
CSl7S51 = CSZ~S51 = cs1,s.51 = 0, Sa1S2S6 = 92913 9i19194 = glg2I (793~941~ 
CS5~S61 = 0) 
Suppose that (i, j) satisfies 11 i 5 2,3 5 j 5 6 and [gi, gj] = 0. Then the monodromy of 
the fibration over gj fixes gi, and the product of the two circles gives a torus in W. We denote 
the homology class of this torus by Ti,j. From the construction of W we get e(W) = 0, 
H,(W) = .Z4, b,(W) = 6, sign(W) = 0. H2(W,Z) is generated by T1,3, T2.4, T1,6, T2,5, 
T 1,2, and F2, where TL~ is the homology class of the fiber and F2 is the homology class of 
the section. It is easy to see that (T,,,).(T,,,) = 1, (T,,,).(T,,,) = 1, (T1,2).(F2) = 1 and 
the other intersections are trivial. By blowing up W we reduce the self-intersection ofa fixed 
section and in this way we get an embedded genus 2 surface L, in W# IX”, with 
(L1)2 = - 1. We define R by changing T4 # 3CP2 into W# @P2: 
R = (W#@P2\nd(L1))U,(V, #2@P2\nd(L2)). 
We will use the analytical results of Morgan, Mrowka and Ruberman on moduli spaces 
over four-manifolds with cylindrical end, see [20]. For the sake of better understanding we 
summarize here the relevant dimension formulas. Y, as before, denotes the total space of an 
S’ bundle over the genus 2 surface, with c1 = 1. 
LEMMA 2.2. ni(Y) = (a1,b1,a2,b2,clc is central, [al,bl].[a2,b2] = c). 
The SU(2) character variety (flat SU(2) connections up to gauge equivalence) is 
x(Y) = Hom(n,( Y), SU(2))/adSU(2). 
Since c is central, any representation a takes c into either I or - I. 
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LEMMA 2.3. x(Y) has two components No and N1, where 
(1) N~=((A~,B~,A~,B~)ESU(~)~ICAI,BI].[A~,B~]=I}/~~SU(~). 
(2) NI = ((A~,B~,A~,B~)ESU(~)~ICA~,B~I.[A~,B~] = - I}/adSU(2). 
No is a six-dimensional stratified space, the singularities correspond to reducible 
connections. N1 is a smooth closed six-dimensional manifold, which contains only irredu- 
cible connections. 
LEMMA 2.4 (cf. [20]). 
(1) For every a E No, CS(a) = 0. 
(2) For every a E N1, CS(a) = l/4. 
We need a slight modification in order to work with SO(3) Donaldson-invariants. 
Suppose Z1 is a cylindrical four-manifold with an Y x [0, co ) end, and P is an SO(3)- 
bundle over Z1, satisfying that w2( P) restricted to Y is trivial. Suppose A is an Lz 





Let us recall that over a closed four-manifold k = - p1 (P)/4 and p1 = (w2)2(mod 4), 
where (w~)~ denotes the Pontrjagin square of w2. 
The full group of gauge automorphisms of P maps into H1 (Z,, Z,). (See [2]). We define 
the restricted gauge-group B. to be the kernel of this map. Let &i,,w2,p) denote the space of 
anti-self-dual connections over P with energy k modulo B. equivalence. Since w2(P) 
restricts trivially to Y, 8, (A)E x(Y), where 8, (A) denotes the limit of A at the infinity. 
From Lemma 2.4: 
LEMMA 2.5. (1) Zfa,(& No, then k - - bwz(P)(mod 1). 
(2) Zfa,(A)~N~,thenkr -$w,2(P)+$(modl). 
Let JG,,, (Ni) denote the moduli space of those anti-self-dual connections on 
P (w2 = w2(P)), which have energy k and limit to Ni. Suppose Z2 is a cylindrical four- 
manifold with an ( - Y) x [0, cc ) end. The formal dimensions of the corresponding moduli 
spaces were computed in [20]. 
LEMMA 2.6. (1) The formal dimension of Al,,,,,(N,) is 8k - $(e(Z,) + sign(Z,)) + 4. 
(2) Theformal dimension of&t,,,,, (N,) is 8k - j?(e(Z,) + sign(Z,)) + 3. 
(3) The formal dimension of A;,,,,, (No) is 8k - $(e(Z,) + sign(Z2)) + 4. 
(4) The formal dimension of A$,,,,, (N,) is 8k - t(e(Z,) + sign(Z,)) + 3. 
3. A FLOER-TYPE PRODUCT FORMULA 
In this section we use O-dimensional SO(3) Donaldson-invariants to study the smooth 
structure of Q and R. Suppose P is an S0(3)-bundle over a closed four-manifold X, 
w2 denotes the second Stiefel-Whitney class of P and p1 denotes the first Pontrjagin class. 
Suppose b: (X) = 3 and X is simply-connected. Since the formal dimension of the moduli 
space is equal to - 2p, - 3( 1 + 6: (X)), the O-dimensional Donaldson-invariant corres- 
ponds to bundles with p1 = - 6. Let Cx = {a E H2(X, Z,) 1 (a)’ = 2 (mod 4)). For every 
a E Cx there is a unique S0(3)-bundle P with w2(P) = a and p1 (P) = - 6. The Donaldson- 
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invariant yx,a is defined by counting with multiplicity the points of the anti-self-dual moduli 
space, i.e., 
Yx,. = #(Ax.%-CJ). 
In this chapter we prove Theorem 1.2. More precisely we prove 
THEOREM 3.1. (1) There exists a E C, satisfying ya,_ # 0 
(2) There exists fi E CR satisfying YR,B # 0. 
We start with the part (1) of Theorem 3.1 and choose an appropriate a. 
H2(T4 # 3CP*,H) is generated by Ti,j, (1 < i <j I 4) and fi, f2, f3, where every Ti,j is 
represented by an embedded two-torus, and fi, f2, f3 are the exceptional classes of the 
blow-ups. Let us recall that 
C&l = T1,2 + 7-3.4 -fi -fz -f3. 
Let c1i E H *(T4 # 3CP* \nd(L1), Z,) be defined as the mod 2 reduction of the Poincare- 
dual of T2.4 + 7’1.4 + T2,3 + (fi -fz). 
Similarly VI # 2@p* = CP* # 1 l@[FD* and H,( 1/r # 2CP * H) is generated by H and ei 
(i= 1,2,..., 11). We know that 
[Lz] = 6H - t 2ei - e, - elo - err. 
i=l 
Let a2E H*(V, #2@P’\nd(L,),Z,) be defined as the mod2 reduction of the Poincare- 
dual of (ei - e2) + (e3 - e4) + (es - e6) + (e7 - es) + (elo - eir). Then a: E 0 (mod 4) 
and a: = 2(mod 4) and we define o! = a1 + a*. Obviously a E Co. We investigate the limit of 
the moduli space Aa, a, _ 6 as we degenerate the metric along Y. In other words we introduce 
a sequence of metrices g., that contain necks isometric to Y x [n, - n]. Let A and B denote 
a possible Uhlenbeck limit, i.e., A E ApI ,a, and B E .Mpz,,,, where (k,, k2) denotes the 
energy of (A B), k,+k,< -$pr=l+J and X1 = T4 # 3G*\nd(L,), 
X2 = VI # 2CP *\nd(L,) are equipped with cylindrical end metric. It follows from 
Lemma 2.5 that 
LEMMA 3.2. (1) If 8,(A) E No then kI = 0 or kI = 1. 
(2) Zf a,(A) EN, then kI = 4 or kI = 1 + a. 
(3) !f8,(B)~iV~thenk~=~ork~=l+J. 
(4) Zf a,(B) E N, then k2 = $ or k2 = 1 + $. 
We want to show that some of the above cases could not happen, and prove: 
THEOREM 3.3. a,(A) = a,(B) E N1, kI = a, k2 = 1 + 4. 
We prove this theorem through a series of lemmas. 
LEMMA 3.4. .&Yj ,,=, (No) is empty. 
’ Proof Suppose A E JY~,,~, (No) and let S,-2_j3 denote an embedded two-sphere in 
X1 representing the homology class fi - f3. The restriction of A to S,, _f, should be the 
trivial flat connection, but that contradicts with a1 ( f2 - f3) = 1 (mod 2). 0 
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LEMMA 3.5. (1) For a generic metric M:$,(Nl) is empty. 
(2) For a generic metric M:$,(N,) is empty. 
Proof. The formal dimension of J:$,(N,) is equal to g(i) - 
$(e(X,) + sign(X,)) + 4 = - 4. For a generic metric the formal dimension gives the actual 
dimension except at reducible connections. Since Nr contains only irreducible connections, 
the part (1) of the lemma follows immediately. 
Now suppose A E J?$~~~, (N,). Since the formal dimension of the moduli space is - 2, 
A has to be reducible. So A splits the SO(3)-bundle P over Xz as P = L @ R, where L is an 
S l-bundle over Xz and R is the trivial real line bundle. B is the corresponding S ’ connection 
over L1. Since the space of S’ representations of nl( Y) are connected, we fix a path from 
a,(B) to the trivial connection that stays inside the space of flat connections over Y. We 
modify B by gluing in this path, and get B’. Since the boundary value of B’ is trivial: 
(1/27r)F,, E H2(X2, Y, ;2). It follows that c,(L) is in the image of 
i*:H2(X2, Y,E)+ H2(X2,z) 
and cl(L)* = - 2. Take E E cl(L) E Im(i*). Then: 
E = a2 (mod 2) s* = - 2. 
From the long exact sequence of (X2, Y ) and from a Mayer-Vietoris sequence we get 
that Im(i*) is isomorphic to 
R = (6 EHZ(I/, #2CP*,z)16(Lz) = 0). 
The intersection form restricted to R is negative definite and an elementary computation 
shows that there is no E E R which satisfies the above conditions. 0 
Now from Lemmas 3.4 and 3.5 follows that kr 2 $ and k2 2 1 + 4. Since 
kl + k2 I 1 + f, we have equality in both cases and that proves Theorem 3.3. 
Let K1 = dj!T,,(N,) and K2 = A:,Tfi’(N,) d enote the two moduli spaces. It follows 
from Lemma 2.6 that dim(K,) = 2 and dim(K2) = 4. Ki and K2 are compact since the 
possible Uhlenbeck limits with lower energy are empty (see Lemmas 3.4 and 3.5). Since N1 is 
simply-connected (see [23]), and contains no singular points, the orientation-bundle is 
trivial over K1 and K2. For a generic metric the intersection of a,(K,) and d,(K,) is 
transversal in Nr, (see [20]). The gluing construction of Mrowka proves that the Donal- 
dson-invariant is equal to the oriented intersection number: 
YQ,= = #@,W,)nd,W2)). 
From [23] it follows that 
l H2(N1,Z) = Z. 
l HJNi,Z) = Z. 
Let us fix a E H2(N1, Z) and b E H4(N1,Z) in such a way that 
(PD(a) u PD(b), pNI > = 1, 
where ,&, denotes the fundamental homology class of N1. Let [a,(K,)] E H2(N1, Z) and 
[a, (K2)] E H4(N1, 72) be the corresponding homology classes. We define integer valued 
relative Donaldson-invariants Y~,,.~ and yx2,a2 by: 
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From the above discussion we get the following product formula. 
THEOREM 3.6 YQ,. = Yxa,a, ‘Yxz,az. 
Now we prove similar product formula for 7R.a. R is defined as 
R = W#~z\nd(L,)&J’I # 2@P2\nd(Lz). 
H2(W#@P2,Z) is generated by T2+ T1.3, T2.5, Ti.6, T~,z, F2 andf,, where F2 denotes 
the homology class of the section and fi denotes the exceptional class. We know that 
[bl=F2 -f1. 
Let W, b W#@P’\nd(&). We choose pi EH’(W,,Z~): 
/I1 = PD(T,,,)(mod2). 
Then fi: = 0 (mod 4) and we choose 
B = 81 + (y-2. 
We seek a product eXpreSSiOn for yR,B . The previous argument goes through with the help 
of the following lemma. (The analogue of Lemma 3.4). 
LEMMA 3.7. .M$,,8,(NO) is empty. 
Proof: Suppose A E _.M$,,81 (IV,-,) and let P denote the SO(3)-bundle on which A lies. 
Then pl( P) = 0 and w2( P) = PI. Let r#~ denote an SO(3) representation of n,( WI) which 
corresponds to A. It is easy to see that rrl( WI) = nl (W), since a=[Fp2 rovide a disk which 
contracts the meridian transversal to L1 . n1 (W) is given in Lemma 2.1. Now we restrict 
4 and P to a two-torus which represents T2,4. Since fi1(T2,4) = 1 we can assume that 
+(g2) = t,, 4(g4) = t,, where t,, t, denote rotations around the axis x and y with degree 
180. The homology class T,,, - fi is represented by an embedded two-torus in WI. Since 
j11(Tl,2 - fi) = 0 it follows that $(gl) is a rotation around the axis x. Since gr and g2 are 
conjugate in nl(Wl) we have +(gi) = &(g2) = c,. It implies 4(g1.g2) = Id, and we get 
a contradiction since g1 and g1 .g2 are also conjugate in rci (W). 0 
We define K i = A#: 81 (IV, ). The compactness of K; follows from the previous lemma. 
Let [a,(Ki)] E H2(N1, Z) denote the corresponding homology class. We define Y,,,~,~, by 
Ca02Wi)l = Yw,,~~‘a. 
The same argument as in Theorem 3.6 gives the following product-formula: 
THEoRaM 3.8. 7R.B = Yw,,~, ‘Yxz,az. 
4. THE PROOF OF THEOREM 1.2 
We will prove Theorem 1.2 by showing that the terms in the product-formulas of 
Theorems 3.6 and 3.8 are nonzero. 
THEOREM 4.1. yw,,81 # 0. 
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Proof: Let us investigate the following Donaldson-invariant. We define an SO(3)- 
bundle P over W#G’ by pl = - 1, w2 = PI + I’D(&) (mod2), (note that 
ai E H ‘( Wi , Y), PD(Li ) E Hz (nd(Lr ), Y)). For a generic metric the corresponding moduli 
space JZ (the space of anti-self-dual connections modulo 9, equivalence) is two-dimen- 
sional and compact. The so-called p-map. 
/J:H~(W#@P,Z)-+ H2(./HQ) 
is defined in [4] and the Donaldson-polynomial invariant 
is defined by 
Y wx*,,,(x) = <P(X), C-4). 
If x E Hz ( W# @Pz, Z) then I is an integer cohomology class and can be represented by 
a two-codimensional divisor VzX (see [4]). In this way we define y1(2L1) by 
Y1(2&) = Y - W#CP’,BI+PD(LI) (2L,). It is easy to see that similar product formula holds for 
Y1(2~%) as for ?R,B. As we pull apart W# @P2 along Y, each Uhlenbeck limit (A, B) has to 
satisfy 
by Lemma 3.7. It is easy to see that 
is a homeomorphism. For a generic divisor N1 A V 2L1 is a four-dimensional submanifold in 
N1. We define 82L, by [N, n V2L1] = 82L1 . b. Applying the gluing construction of Mrowka, 
(note that for dimension reasons the obstruction bundle vanishes here), we get 
It is enough to show that y1(2L1) # 0 in order to prove Theorem 4.1. 
Now let us choose an embedded three-sphere, S3 c W# @p2, which separates 
@P2 from W. As we degenerate the metric along S3 each Uhlenbeck limit (C,D) satisfies 
’ ” &$ pD(S,)’ 
l D E &.,, where x = PD(T,,, + F2). 
Since the formal dimension of _&gz PD(fa) is equal to - 1, C has to be the unique 
reducible connection. D E A$,, corresponds to a 4D SO(3) representation of nl (W), with 
o2 = x. We investigate here the SO(3)-representations of n1 (W). 
LEMMA 4.2. Let w E H 2( W, Z,) be the mod 2 reduction of any of the following cohomol- 
ogy elements: PD(T1,3 + F2), PD(T2.5 + F,), PD(TIs3 + T2, 5 + F2); and consider the 
S0(3)-bundle P, over W, with pl(P,) = 0 and w2(Po) = o. Then 
(1) P, admits aflat connection pa, which is unique up to the action of thefull gauge-group. 
(2) pm is irreducible with trivial stabilizer and nondegenerate. 
We prove the statement for o = PD(TG 1, 3 + F,), the other cases are similar. Keep in mind 
the SO(3) character-variety of the two-torus has a unique irreducible element, the other 
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nontrivial representations have stabilizer S ‘. Let us denote by p an arbitrary flat connection 
in P, and by 4 the corresponding S0(3)-representation of 7~~ (W). Let t,, t,, t, E SO(3) 
denote rotations around the axis X, y, z with degree 180. Since w(Ti, 2) = 1 after an 
appropriate conjugation 4(gi ) = t, and $(g2) = f,. From the relation 
[gs,gl] = [g5,gZ] = 0 and from ~J(T~,~) = 0, it follows either 4(g5) = Id or d(g5) = t,. 
The relation g algag = g2gl and CI)(T1,6) = 0 shows that $(g6) is a rotation around the 
axis x with degree + 90. From [g3,g1] = [g3,g2] = 0 and G(T~,~) = 0 follows that 4(g3) 
is either Id or t,. Similarly go i g1g4 = gl g2 and u(T,,,) = 1 proves that $(g4) is a rotation 
with degree 180 around either the axis defined by y = 0, x - z = 0 or the axis defined by 
y=o,x+z=o. 
The last relation is: [g3, g4] * [g5, g6] = 0. From the above computation 
l 4([g3,g4]) = Id or ty depending on whether 4(gJ) = Id or t,. 
l 4( [g5, g6]) = Id or t, depending on whether 4(g5 j = Id or t,. 
It follows that $(gJ) = 4(g5) = Id. We still have a little freedom in the choice of +(g4) 
and 4(g6), but it is easy to see that the four solutions are conjugate to each other 
(conjugating by t,, t, and tZ). So far we constructed pw and proved uniqueness up to gauge 
equivalence. Since #Jo is isolated, nondegeneracy in this case is equivalent to H1 (IV, pm) = 0. 
This twisted cohomology can be easily computed (we omit the calculation). 
Now let LO = PD(T 1,3 + F2). Since in the definition of SO(3) Donaldson-invariant we 
use the restricted gauge-group, H ‘( IV, Z,) acts on &k,,. This action preserves the 
orientation (see [2]). It then follows from Lemma 4.2 that H I( IV, Z2) acts freely on 
A;,, and the quotient is pm. So we see that A$,, consists of 16 points and all of them is 
counted with the same sign. Since pw is nondegenerate there is no obstruction to glue 
A$,,, and C. The argument of [19] applies in this case and shows that y1(2L, + 2f,) = 0 
and yl(2fl) = f 2(16). It follows that yl(2L1) = + 32. That proves Theorem 4.1. Cl 
Now we consider the second term in the product formula of Theorem 3.8. 
THEOREM 4.3. yx2,_ # 0. 
Similarly to the previous computation, we prove this theorem by computing certain 
SO(3) Donaldson-polynomial invariant of V1 # 2@P2. We fix the relevant S0(3)-bundle by 
pl = - 5 and w2 = cx2 + PD(L2). Since b2+( VI # 2d=P2) = 1, the invariant depends on the 
metric. Let us recall the dependence from [16]. 
We fix the orientation of the moduli space first, by choosing one of the positive cones of 
H2( I/, # 2@P2, [w) and an integer lift of w2. Let C+ denote preferred cone, and E the fixed 
lift of w2. We define 
52 = {x E EP( Vl # 2@P, Dg) 1 x2 = 1, x E c, }. 
Any Riemannian metric g gives us a unique point in R, in the following way: Using 
the *-operator corresponding to g, we have a Hodge-decomposition 
H2( Vi # 2cP2, [w) = Hg’ @ If,, where Hl and Hi denotes linear subspaces spanned by 
the self-dual and anti-dual harmonic forms. Then the line Hg’ intersects Q in one point, 
which is called the period point of g. Let us define 
w-1 = (z E H2(Vl #2@P2,E)Iz2 = - 1,z = w2(mod2)}, 
“w_ 5 = {Z E H~( Vi # 2@P2, Z) 1 z2 = - 5, z = w2 (mod 2)). 
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Any z E -W_ 1 or z E %C 5 defines a wall in $2 by {x E Q 1 x. z = O}. The union of the walls 
cuts R into components. These components are called chambers. It was proved in Cl63 and 
[17], that the Donaldson-invariant depends only on the chamber in which the period point 
lies. 
If z = w,(mod2), then z(Lz) 3 1 (mod2) holds and it follows that PD(L2) is an inner 
point of a chamber. Let yz denote the Donaldson-polynomial invariant in this chamber. 
Then 
y2 : Sym2(H2( Vi # 2@P2, Z)) + Q. 
The invariant we are interested in is y2(2L2, 2L2). We have a similar product formula as in 
Theorem 4.1. Let V2Lz and ViL2 be divisors in a generic position, both representing p(2L2). 
We define 6(2L2, 2L2): [N, n VzL2 n V&J = b(2L2,2L2).a and get: 
LEMMA 4.4. y2(2L2,2L2) = yx2,012.6(2L2,2L2). 
So it is enough to prove that y2(2L2, 2L2) # 0. We start with computing the invariant in 
another chamber. It is easy to see that PD (H) is an inner point of a chamber. Let y3 denote 
the Donaldson-invariant in that chamber. 
LEMMA 4.5. y3(x,y) = Ofir every x,y E H2(V1 #2@IFD2,Z). 
Proof. Let g. denote a sequence of Riemannian metrices of V, #2@p2 = 
CP2 # ll@P2, that pull out simultaneously the 11 neck separating the 11 copies of 
C[Fp’ from @P2. The period point converges to PD(H) (see [25]), so for large enough n we 
are in the chamber which contains PD(H). We claim that if n is large, the moduli space is 
empty. Suppose the contrary. Then we have an Uhlenbeck limit (A, Bi , B2,. . . , B1 1 ) where 
A is over CP2 and Bi is over the ith copy of @P2. Since 
wz(ei) E l(mod2), (1 <i I 9), 
the energy of Bi is at least 4 for i = 1,2 , . . . ,9. We have a contradiction here since the energy 
of the moduli space over Vi # 2@P2 is only - $ pi = 1 + i. So the moduli space is empty 
for large n and that proves Lemma 4.5. 0 
We compute now y2(2L1, 2Li) by keeping track of the walls separating PD(H) and 
PD(L2). A short combinatorial computation shows that 
LEMMA 4.6. The walls separating H and PD(L2) corresponds to: 
(1) ~0 = 2H - Cy=, ei, 
(2) Zi = Zo + 2ei (i = 1,2, . . . ,9). 
We have to understand how the Donaldson-invariant changes when we go from one 
chamber to another. Suppose we cross a wall corresponding to + z, i.e., vary the metric 
gl, t E [0, l] in such a way that: 
z * (period point of go) c 0, z.(period point ~fg~,~) = 0, z*(period point ofgl) > 0. 
Then the cobordism between .M,, and _Mer has singularities at t = l/2. In case z E %C 5 and 
g1 is generic, this singularity is a cone over @Pz and the correction term is computed in [16]: 
Y Ol&(X? Y) - Y02.90 (x, Y) = ( - u6. $z’ (x, Y), 
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where 6 is 0 or 1, depending on whether the lift z has the same parity as the fixed E: 
sr ’ (mod2). 
Note that in the above lemma Zi E YK5 for every i = 0, 1, . . . ,9. Now we can finish the 
computation: From Lemma 4.5 it follows that y3(2L2, 2L2) = 0. Crossing the wall corres- 
ponding to z. changes the invariant by $(z~)~(~Z,~, 2L2) = 25. Crossing Zi (for i = 1,2, . . . ,8) 
changes the invariant by - 1, and the effect of crossing zg gives - 9. We get 
THEOREM 4.7. With some choice of orientation y2(2L2, 2L2) = - 8. 
That proves Theorem 4.3 and the second part of Theorem 3.1. 
]‘a,# $0 follows from the same argument: Since ya,= = yxI,aI ‘yxl,a2, and yX2,a2 #0, it is 
enough to show that yx,,al # 0. The method presented in Theorem 4.1 applies to that case 
also, but we also need an analogue of Lemma 4.2: 
LEMMA 4.8. Let r = PD(T,,2 + T1,3 + T,,4 + T2,3 + T,,, + T3,4) and let o E H2 
(T4 # 2@P2,Z2) be the mod2 reduction of any of the following cohomology elements: 
r + PD(TI,3), r + PD(T,,,), r + PD(T1,4), r + PD(T2,3), . Wefix an S0(3)-bundle P, ouer 
T4 # 2CP2, with pl(P,) = 0 and w2(P,) = w. Then 
(1) P, admits a JEat connection p_ which is unique up to gauge equivalence. 
(2) pm is irreducible, Stab(p,) = Z2 @ Z2, and p,,, is nondegenerate. 
We prove the lemma for o = r + PD(T,,,), the other cases follow from the same argument. 
Let p be an arbitrary flat connection on P,, and 4 be the corresponding SO(3) representa- 
tion of 7r1(T4# 2@P2) = Z4. Every z,j can be represented by an embedded two-torus. 
Restriction to it shows that if O(Ti,j) = 1 (mod2), then 4(gI) and &g2) are rotations with 
degree 180 around perpendicular axes. We see easily that 4 can be conjugated to the 
following form: 
m2) = N94) = L &7l) = t,, da) = tz. 
Since 4 is an isolated representation, pa is nondegenerate if and only if 
H’(T4# 2Cp2,ad4) = 0. 
A routine computation shows that it holds. 
Remark 4.9. The cohomology ring of N, was studied in [23], [24]. It was known that 
p(2L1) = p(2L2) = PD(b), and (PD(b)3, [NI]) = 4. Itfollowsfiom the product formulas in 
Section 3, and the actual computations here in Section 4 that YR,B = f 32 and yQ,a = + 8. 
5. IRREDUCIBILITY AND LOGARITHMIC TRANSFORMATION 
To prove irreducibility of R we need.the following useful Lemma. 
LEMMA 5.1. Suppose X is a smooth, closed simply-connected four-manifold with 
b:(X) = 3 and for every x E H2(X,Z) for which x2 = - 1 exists a z E Cx, satisfying 
(1) l?x,z # 0; (2) z(x) = 1 (mod2). Then X is irreducible. (C, denotes (z E H2 
(X,Z2)Iz2 = 2(mod4)} and yx,* d enotes the corresponding O-dimensional Donaldson-invariant). 
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Proof: Suppose that on the contrary X decomposes as X = & # yZ, where b2( &) > 0 
and b: (Y,) = 0. The intersection form of Y, is negative definite and a theorem of 
Donaldson shows that its intersection form can be diagonalized over the integers. It follows 
that H2( Y,, Z) contains elements of square - 1. So let us fix x E H2(X,Z) in such a way that 
x2 = - 1 and x can be represented in H,( Y2, Z). By the assumption of the lemma there 
exists a z E Cx, satisfying yx,= # 0 and z(x) = 1 (mod 2). We stabilize the invariant first by 
blowing up X at some point in &. Let e denote a generator of H2(@P2, Z). The blow up 
formula of [ 191 proves that y x # zs z+PD(cj(2e) # 0. We cut down the moduli space by the 
divisor corresponding to 2e and pull out the metric along an embedded S3 which separates 
CP2 # Yi and Y2. Let us examine the possible Uhlenbeck limits (A, B). The restriction of 
z + PD(e) into H2( Y,, Z,) is nontrivial, since z evaluates nontrivially on x. It follows that 
B is not the trivial flat connection over Y2 There is no other flat connection over Y2 since 
rcl( Y2) = 1, and we see that the energy of B is at least 4. A E V2e, but since B “steals” at least 
$ energy, A lives in a O-dimensional moduli space and for a generic divisor, the intersec- 
tion is empty. So we see that y, #zs z+PD(eJ(2e) = 0, and the contradiction proves 
Lemma 5.1 0 
In order to apply Lemma 5.1 we need to show that y R,z # 0 for a large class of z. Let us 
fix a decomposition of H,(R,h) in the following way: H,(R,Z) = G1 @ G2 @ G3, where 
l GI is spanned by TL~, T2,4, T1,6, T2,5, . 
l (32 is spanned by T1.2 -f~,f~ + ell, elo - ell, e9 - elo, F - elo. 
l Gjisspannedbyei-ei+lforl<i<7andH-e,-e,-e,. 
The homology classfi + el I is given in the following way: Sincef,(L,) = 1 and e1 1(L2) = 1, 
the corresponding disks embedded to W, and X, can be glued together to give a sphere of 
square - 2 in R. We denote the homology class of this sphere byfi + e, 1. The intersection 
form restricted to Gl is even, the intersection form restricted to G2 is equivalent to 
1 0 4( - l), and the intersection form on G3 is given by the - E8 matrix. Let 
Gi c H,(R, B2) be the mod 2 reduction of Gi. Every z E H 2(R, Z,) decomposes uniquely as 
z = z1 + z2 + z3, where PD(z& Ci. We say that ZE ZR iff zl, z2, z3 satisfy 
l zi is the mod2 reduction of any of the following cohomology elements: PD(7’1,3), 
WT2,5), fwTl.3 + T2,5). 
l z2 is the mod2 reduction of any of the following cohomology elements: PD(e9 - elo), 
Welo - ellh Wh - PI,). 
l (z~)~ = 0 (mod 4) and z3 # 0. 
THEOREM 5.2. If z E ZR then yR,z # 0. 
Proof We recall that the choice zi = PD(TI,J) (mod 2) z2 = PD(elo - ell) (mod 2) and 
z3 = PD(ei - e2 + e3 - e4 + es - e6 + e7 - es) (mod 2) gives back the original /? from 
Theorem 3.1. Suppose first that z E ZZR satisfies z2 = PD(elo - eli) (mod2), 
z3 = PD(el - e2 + e3 - e4 + e5 - e6 + e 7 - es) (mod 2). The arguments of Chapter 3 give 
a similar product formula as we pull out the neck along Y: 
?R.z = Yw,,z,+PD(F*)‘YX2.=2. 
The blow-up formula of [19] and Lemma 4.2 shows that ~~~~~~~~~~~~~ # 0 and that proves 
Theorem 5.2 in this special case. We extend this result using the following argument. 
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The homology elements e9 - el 1 and fi + e i0 can be represented by embedded two- 
spheres of square - 2. Any such sphere induce a self-diffeomorphism of R which acts on 
Hs(R, Z) as 
x+x + s*(s,x), 
where s is the homology class of the embedded sphere (see [6]). Iffis a self-diffeomorphism 
Of R then YR,r = + yR,/.(r) by naturality of Donaldson-invariants. This argument proves 
that 7R.z # 0 for every z E %OR which SatiSfieS 
z,=PD(e,-e,+e,-e,+e,-e,+e,-e,)(mod2). 
We finish the proof of Theorem 5.2 with the help of the following lemma. 
LEMMA 5.3. Let c, c’ E c3 be any elements satisfying c2 = (c’) z 0 (mod 4) and c # 0, 
c’ # 0. Then YR,z,+zz+c = k YR,I,+z~+c’. 
Proof: The homology elements ei - ei+ 1 (1 I i I 7) and H - el - e2 - e3 can be repre- 
sented by embedded two-spheres in such a way that a small neighborhood of the union of 
this eight two-spheres is the plumbing manifold on the - Es diagram (see [12]). We denote 
this manifold by D. It is well-known that the boundary of D is the Poincare-sphere C (2,3,5). 
C (2,3,5) is a homology three-sphere and its F&r-homology is well understood (see [9]). 
The character variety I( x(2,3,5)) consists of the trivial representation and two irreducible 
nondegenerate representations a1 and d2, where 
l dim(Jo,,(G1)) = 0 (mod 8). 
l dim(AD,,(6,)) = 4 (mod 8). 
The standard product formula of Floer gives 
YR,r~+rz+e = YR\D.z,+r*(~1)‘YD.c(~~). 
It is well-known that rD,@,) = If: 1 for every c E H 2(D,Z2) which c2 z 0 (mod4) and 
c # 0. That proves Lemma 5.3, and hence Theorem 5.2. Cl 
The irreducibility of R follows from Lemma 5.1, Theorem 5.2 and the following Lemma. 
LEMMA 5.4. Suppose x E H,(R, Z) and x2 G - 1 (mod 4). Then there is a z E 5?“R for which 
z(x) = 1 (mod 2). 
Proof Suppose the lemma is not true and we can find a counterexample x. Let us 
decompose x as x = x1 + ~2 + ~3 (XiE Gi). Let yi denote the mod2 reduction of xi. It is 
easy to see that if y, # 0 or if (~i)~ E 2 (mod4), then there is a z E sR for which 
z(y, + y, + y3) = 1 (mod2). So y3 = 0 and (yi)’ s 0 (mod4) must hold. It follows that 
(Y~)~ = - l(mod4). y, has to be orthogonal to every possible z2. A short computation 
proves that the mod 2 reduction of PD(F - e9), PW -e10 +_A + ell), 
PD(e9 - elo +fi + e, 1) and 0 are the only such elements in G2, but neither of them satisfies 
(y2)2 = - 1 (mod 4) and that proves the lemma. 0 
Let F denote an embedded torus in T4 # 3@P2\nd(L1) representing T2, 4. It has been 
proved in [12], that there exists a cusp neighborhood N in Q which contains F and for 
which nl (Q\N) = 1. We define Q2” + 1, by performing a logarithmic transformation of order 
2n + 1 inside N. It follows from [l 11, that Q2” + 1 is simply-connected, and has the same 
TOP 35:2-K 
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homeomorphism type as Q. Similarly, let F’ denote an embedded two torus in WI \nd(L1) 
representing T1 , 3 . F ’ c R is contained in a fishtail neighborhood with simply-connected 
complement (see [13]). We define Rz,+ I by performing a certain logarithmic transforma- 
tion of order 2n + 1 along F ‘: We cut out from R a small tubular neighborhood of F ‘. This 
neighborhood is diffeomorphic to D2 x T 2 and the boundary is a three-torus T 3. HI (T 3, Z) 
is generated by a, b and c, where a is the boundary of D2, b E HI (F ‘, Z), c E HI (F’, Z), and 
b bounds a - 1 disk inside the fishtail neighborhood. We fix anf, self-diffeomorphism of
T3, which takes 
(a, b, c) + ((2n + 1)~ + 26, nu + b, c). 
Using this self-diffeomorphism we glue back D2 x T2. So 
R 2n+1 = D2 x T’U,.(R\nd(L,)). 
Fintushel and Stern investigated how logarithmic transformation in cusp neighborhood 
changes the Donaldson-invariant: 
THEOREM 5.5. (cf. [ll]) Let X be a smooth, closed, simply-connectedfour-manifold with 
b: (X) = 3. Suppose X contains a cusp neighborhood N, satisfying nt(X\N) = 0. [F] is the 
homology class of the corresponding embedded torus in N, and X2”+ 1 is the result of 
a logarithmic transformation of multiplicity 2n + 1 performed in N. Zf w E Cx, let co’ denote the 
corresponding element in CXzn + , . Then 
(1) Zf <o,CFl> = 0, then YX2n+l,W, = (2n + l)Yx,,. 
(2) Zf (0, VI> Z 0, then ~~~~~~~~~ = YX. . 
Using Theorem 5.5 Fintushel and Stern proved 
COROLLARY 5.6. Suppose there is an o E Cx, satisfying yx,o # 0 and (o [F] ) = 0. Then 
Xzi+ I is difiomorphic to X2j+ f if and only if i = j. 
Now let X = Q and we fix w = u. Since yQ,= # 0 by Theorem 3.6, and (a, T,.,> = 0, we 
can apply Corollary 5.6. It follows that Qzi+ 1 is diffeomorphic to Q2j+ 1 if and only if i = j. 
We have to work more in order to prove similar statements for R and R2” + i . If o E CR 
then let o’ denote the corresponding element in CR*“+, . In the following we will prove 
THEOREM 5.7. (1) Zf (co.[F’]) = 0, then yR2n+l,W* = (2n + l)YR,,. 
(2) Zf <w, CR’]> # 0, then YRzn+l,~’ = 7R.o. 
We start by proving the part (2). Let o2 E H ‘(T3, Z,) denote the mod 2 reduction of the 
Poincare-dual of a. Let 6 denote the unique flat connection on the corresponding SO(3)- 
bundle over T3, (unique up to gauge equivalence). It is given by the following representa- 
tion. 4 : nl (T3) + SO(3), #(a) = Id, 4(b) = t,, 4(c) = t,. It is easy to see thatf, fixes w2 and 
the Floer-type product formula of Gompf and Mrowka shows that Y&+,,m, = Y&o (see 
Cl41 ). 
For the case (o, [F’] ) = 0, we use a relative Donaldson-invariant of Gompf and 
Mrowka, [ 141: 
YR\(nd(F’)),xE H’V3, z), 
where x is the restriction of o to Zf2(R\nd (F’), Z,). It follows from [14], that: 
YR,w = (Y R\ (nd(F’Hm”) YRzn+,.m’ = <YR\ (nd(F’)),x,(fn).(~))* 
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Let L denote the fishtail neighborhood. It is easy to see that L\(nd(F’)) has a self 
diffeomorphism g, which is identity on the outer boundary of the fishtail neighborhood, and 
induces g.(a, b, c) + (a, b, b + c) on H1 (T3, Z),. Since the relative Donaldson-invariant of 
[14] is natural we get that (yR, (nd(FPjJ,x, b) = 0. Now it follows from 
(h).(a) = (2n + l)a + 2b that YR2n+l.m' = (2n + ~)YR,,. 
As a corollary we get: 
COROLLARY 5.8. Suppose there is an o E CR, satisfying YR,,, # 0 and (0, [F’]) = 0. Then 
Rzi+ 1 is diffeomorphic to Rzj+ 1 if and only if i = j. 
We would like to apply Corollary 5.8 with w = 8. Now let us check that o satisfies the 
properties. Theorem 3.8 states that YR,B # 0. F = T1,3 by definition and 
B=PD(TI,,+FZ+e,-ee,+e3-ee,+e,-ee,+e,-ees+elo-eell)(mod2). 
It follows that (fi, T1,3) = 0, and Corollary 5.8 shows that Rzi+ 1 is diffeomorphic to 
Rzj+l iff i=j. 
So far we proved the first two statement of Theorem 1.4. We prove now the irreducibility 
Of Rzi+l. We define %OR~,+~ = {O’EH2(R2i+1,ZZ)I co E TR}. It follows from Theorem 3.8 
and Theorem 5.7 that if O’E 2zi+ 1 then yRIi+,,~, # 0. Lemma 5.1 and the following lemma 
proves that Rzi+l is irreducible 
LEMMA 5.9. Suppose XE Hx(Rzi+ 1, Z), and x2 = - 1 (mod4). Then there exists a 
Z'E Zzi+ 1 for which Z'(X) = 1 (mod 2) holds. 
Proof: Suppose that x is a counterexample to the lemma. Let us decompose H,(R, Z) as 
H,(R, Z) = V @ H, where V is spanned by T2,4, T1, 3 and H is the orthogonal complement 
of V. It is easy to see that after logarithmic transformation H2(R2i+l,Z) decomposes as 
V’ @ H. V’ is spanned by c and d, where 
1 
c = 2i+ T1.3, c.d = 1, c2 = 0. 
Let us decompose x as x=~~.c+cc~.d+h, where heH and al,a2EZ. It follows 
from the definition Of zR that if b E TR then PD(T,+3) + b E %OR. ?hCe x iS a Counter- 
example and (PD(T,,,),d) = 1 (mod 2), a2 has to be even. Then h2 = - 1 (mod4) and by 
Lemma 5.4 we can find a ZE ZR for which z(h) = 1 (mod 2). It follows that z’(x) = 1 (mod 2) 
and that proves Lemma 5.9. 0 
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